Recently, linear resonant actuators (LRAs) have been used in a wide range of applications since they have many advantages: high efficiency, simple structure, easy control, and so on. On the other hand, they have a problem in that the amplitude decreases significantly in response to an external load. To overcome this problem, the effectiveness of PID control using back electromotive force (EMF) in maintaining a constant amplitude against an external load is investigated.
Introduction
Recently, linear resonant actuators (LRAs) have been used in a wide range of applications (1) - (3) , for example, electrical shavers, electric toothbrushes, air compressors, and artificial hearts, since they have many advantages: high efficiency, simple structure, easy control, and so on. On the other hand, they have a problem in that the amplitude decreases significantly in response to an external load. To overcome this problem, pulse width modulation (PWM) feedback control is adopted, in which the back electromotive force (EMF) of the coil is detected to determine the current duty cycle (4) - (6) . However, it has been found that it is difficult to maintain constant amplitude by using a control function involving the determination of the current duty cycle (7) . Therefore, more effective feedback control is investigated: PID control in PWM feedback control is used to keep the amplitude constant against an external load.
In this paper, we propose a numerical analysis method involving the use of the 3-D FEM (8) - (13) for predicting the dynamic characteristics of an LRA under PID control in PWM feedback control. The effectiveness of the method is verified through a comparison of the prediction with measurements.
Basic Structure and Control

Basic Structure and Operating Principle
The basic structure of the LRA considered in this study is shown in Fig. 1 , and the schematic diagram is shown in Fig. 2 actuator mainly consists of two movers, a common stator, and resonance springs that maintain an air gap (0.36 mm). Two parallelly arranged movers are composed of two opposite pole magnets fixed on the back yoke. The common stator is composed of E-type laminated yoke with an exciting coil of 68 turns at its midleg. The resonant spring is composed of main-springs and link-springs which link two movers. Figure 3 shows the operating principle. The magnetic poles are magnetized at the stator when the coil was excited. Therefore, the magnetic thrust occurs between each magnetic pole of the current and the magnetic pole of the magnet, and movers move. The two movers move in opposite directions when the coil is excited. The operation frequency of the LRA is substantially determined by the spring constant and the mass of the mover. This actuator is operated under PWM feedback control, and the current duty cycle is determined by detecting the back EMF when the coil is not excited. 
Unipolar PWM Feedback Control
We proposed the bipolar PWM feedback control in the previous paper. In this paper, we propose the unipolar PWM feedback control for the simplification of the control circuit configuration and extending the voltage detecting interval. Figure 4 shows unipolar PWM feedback control of this actuator. First, in interval (a), the coil detects the maximum back EMF V 1 after the back EMF is reduced to zero. In interval (b), the coil shows a time delay (30 μs). In interval (c), the extent of coil excitation is according to the current duty cycle determined from V 1 . The control function is shown in Fig. 5 . The circuit diagram of this operating mode is shown in Fig. 6 (a). In interval (d), the current circulates through a diode as shown in Fig. 6(b) . Finally, in interval (e), the circuit is opened as shown in Fig. 6 (c). It is highly effective to drive 
Analysis Method
Magnetic Field Analysis
The equations of the magnetic field and the electric circuit are coupled using the 3-D FEM, which are given by the magnetic vector potential A and the exciting current I 0 as follows:
Where ν is the reluctivity, J 0 is the exciting current density, ν 0 is the reluctivity of the vacuum, M is the magnetization of permanent magnet, V 0 is the applied voltage, R is the resistance, Ψ is the interlinkage flux of exciting coil, n c is the number of turns, S c is the cross-sectional area of the coil and n s is the unit vector along with the direction of exciting current.
Coupled Analysis with Motion Equation
This actuator is composed of two movers linked together, and the motion equations are given as follows:
Where M 1 andM 2 are the mass of movers, x 1 and x 2 are the displacement of movers, F x1 and F x2 are thrust, F k1 and F k2 are spring force and C 1 and C 2 are the viscous damping coefficient.
Two movers are linked by link-springs, and the spring forces are given as follows:
Where k m is main-spring constant, k l is link-spring constant.
The thrust of each mover is calculated using the Maxwell stress tensor method, and is substituted in the equations (4) and (5) . The position of each mover is calculated by the time step. PWM feedback control is taken into consideration in this analysis. Figure 7 shows the flowchart for this coupled analysis.
Mesh Coupling Method
The automatic FEM mesh coupling method (8) is used as shown in Fig. 8 . The mover can be moved a long stroke without mesh distortion by this method, which greatly reduces the computation time for mesh coupling. Details on the mesh coupling procedure are shown as follows.
( 1 ) Prepare the initial mesh ( 2 ) Separate the mesh into two regions of mover and stator ( 3 ) Move the mover mesh in response to the displacement Figure 9 shows the FEM model. The number of tetrahedron elements is about 670,000, the number of edges is about 790,000, and unknown variables are about 770,000. Table 1 shows the analysis conditions. Total resistance including a coil and FET of the electric circuit is given by resistance (on) when control circuit is in excitation mode, and by resistance (off) when control circuit is in circulation mode. The number of steps is 1,300, time division is 10 μs, and total CPU time is about 300 hours.
Verification of Analysis Method
Analyzed Model and Condition
Measuring System
The measurement is performed to verify the effectiveness of this analysis method. Experimental setup of dynamic characteristics measurement is shown in Fig. 10 . The direct voltage of 3.6 V supplied from the stabilized power supply is converted into PWM voltage with the control circuit controlled by the microcomputer, and excited to the coil. The displacement of the mover is measured with the laser displacement meter, and the voltage and the current of the coil are measured at the same time. The output of the laser displacement sensor, the voltage probe, and the current probe is taken into the personal computer through oscilloscope. Figures 11 and 12 show the computed and measured waveforms of the amplitude, voltage, and current with no load. And Table 2 shows the comparison of computed and experimental results. As can be seen, both results are well in good agreement. Especially, the effect of the back EMF and coil inductance on voltage and current waveforms are accurately expressed, respectively. 
Comparison of Analyzed Results with Measurement
Influence of Load on Dynamic Performance
The influence of the load on the dynamic performance is investigated. Figure 13 shows the load device. The amplitude of the mover and the average current are measured when the vertical load (weight) is varied from 4 N to 16 N. In the computation, the coefficient of friction is supposed to be 0.1, and the vertical load is replaced by a horizontal load. Figure 14 shows a plot of the computed and measured values of the amplitude and the average current against the load. It is found that the amplitude is almost in inverse proportional to a load while the current is proportional to a load in both of the computed and measured results. However, both results are quantitatively a little different. As this cause, the vertical load is given to the mover with the adhesive tape, and is replaced by the horizontal load in the experiment, and the difference in the measurement is thought to be large.
Dynamic Characteristic under PID Control
In Fig. 14 , since it is difficult to maintain a constant amplitude, the use of more effective feedback control involving the Under unipolar PWM feedback control, the coil is excited in interval (c) by the control function. Here, the current duty cycle is determined under PID control by using V 1 . The duty is defined by equations (8) and (9) .
Where K P is the proportional gain, K I is the integral gain, K D is the differential gain, e(t) is the deviation, and V S is the target voltage.
Each gain is decided as follows by the analysis. Figure 15 shows the computed and measured values of the amplitude and average current when the LRA is operated with an external load under PID feedback control. Each gain is as previously described and the target voltage V S = 2.09 [V] is given. As can be seen, the computed and measured values are in good agreement. Moreover, the amplitude is kept constant under a load of about 0.8 N by PID control. For loads greater than 0.8 N, the amplitude decreases because the current duty cycle becomes nearly 100%. Figure 16 shows the computed result when the target voltage was changed at V S = 0.99, 1.48, 1.97 [V] . It is found when the target voltage was changed, the maintained amplitude also changes. The amplitude can be kept constant to large load as the target voltage becomes small.
These results show the effectiveness of feedback control 
Conclusion
In this paper, we proposed the dynamic analysis method of a linear resonant actuator under PWM feedback control employing the 3-D FEM. The effectiveness of this method was shown by the comparison with the measured results. Waveforms of the amplitude, voltage and current were well in good agreement, respectively. The influence of the load on the dynamic performance was investigated. In the result, it was found to be difficult to keep constant amplitude.
The more effective feedback control was investigated using PID control in PWM feedback control to keep the amplitude constant against an external load. The effectiveness of the feedback control using PID control was clarified by the measured and computed results. The amplitude was kept constant by PID control until duty becomes nearly 100%.
